A general perturbations method for orbit lifetime analysis is extended to include an analytical non-spherically-symmetrical atmospheric density model. This improvement allows the method to be applied with confidence to highly inclined orbits and special cases such as sun-synchronous orbits where the inclusion of the effects of atmospheric oblateness and the diurnal bulge will be particularly significant. These improvements can be applied to any general perturbations model for lifetime analysis. Using a case study of a sunsynchronous satellite a comparison is drawn between the original and improved methods, showing that by capturing the effects of a non-spherically-symmetrical atmosphere the orbit lifetime predicted could be up to 7% longer or 10% shorter than when using the sphericallysymmetrical model. Also notable is the difference between the orbit lifetime predictions made using the spherically-symmetrical model derived from different data sets; for the case study this was approximately a third of the orbit lifetime.
I. Introduction
rimary body atmospheric friction, commonly referred to as atmospheric drag, is in general the largest contributor to satellite orbit decay in low Earth orbit (below 1000km) as it acts against the velocity vector retarding the satellite resulting in a reduction in the orbit energy. The magnitude of the force created by drag is directly proportional to the atmospheric density at the orbit altitude.
1 However this property is notoriously difficult to predict as the atmosphere varies in shape and size due to many effects including, but not limited, to solar activity, geomagnetic activity, atmospheric oblateness and time-dependent variations such as the semi-annual variation and the diurnal variation. The omission of these effects means that special cases such as polar and sun-synchronous satellites cannot be assumed to be accurately modeled using a spherically-symmetrical model of the atmosphere as the high inclination and very slow right ascension drift could cause the orbit to experience an abnormal atmospheric density.
Two deviations from the spherically-symmetrical atmosphere are discussed herein; atmospheric oblateness and the diurnal variation. Atmospheric oblateness is the term used to describe the bulge in the atmosphere centered on the equator; this bulge is caused by the oblateness of the Earth. 2 The diurnal variation is the variation in atmospheric density caused by the relative position of the sun. When the sun is overhead, i.e. when local mean solar time is midday the atmosphere expands. The relative motion of the Earth and sun means that this bulge is not always in the same location over the Earth. 2 General perturbations methods (colloquially known as analytical methods) for orbit lifetime analysis have been widely discussed, and the authors have previously presented a method derived from that presented by Cook, KingHele and Walker. 3, 4 The authors have also presented methods of incorporating a projected area model, an analytical atmospheric density model and a solar activity model into the general perturbations method developed and a method of incorporating current decay data to improve orbit lifetime predictions made using the method developed. [5] [6] [7] [8] When validated against historical mission data, the method developed with its various additions has been shown to improve the accuracy of previous methods, such as those presented by King-Hele, from around 50% error to within 5% in some cases. However the authors' previous work has focused solely on a spherically-symmetrical atmosphere, neglecting the effects of atmospheric oblateness and the diurnal variation.
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Various attempts have been made to include the effects of atmospheric oblateness and the diurnal variation in general perturbations analysis. Studies completed by Cook, King-Hele and Walker showed that modifications could be made to orbit lifetime equations to account for these effects. [9] [10] [11] [12] Swinerd and Boulton completed a similar study, this study included both oblateness and the diurnal variation. 13 Sharma completed comparable studies using K-S elements in place of the power series expansions of semi-major axis, eccentricity and Eccentric anomaly used in Cook, King-Hele and Walker's publications. [14] [15] [16] [17] However to the authors' knowledge no attempt has been made to separate the effects into a simple analytical atmospheric density model which could be applied to any general perturbations model. Therefore this paper addresses the addition of atmospheric oblateness and the diurnal variation to the analytical density model previously derived by the authors. 5, 6 To incorporate the effect of atmospheric oblateness and the diurnal effect a slightly more complex analytical atmospheric density model is required. The previous model presented by the authors required two simple inputs: the density index (the parameter used to describe the effect of solar activity) and the altitude. 5, 6 A model including atmospheric oblateness requires the addition of inclination to the inputs and a model incorporating the diurnal variation requires the addition of the local mean solar time. The addition of these effects makes the model more complex.
II. Atmosphere Model
The authors have previously presented an analytical atmosphere model based on the total atmospheric density data from the Committee on Space Research International Reference Atmosphere, commonly known as CIRA or CIRA-12. 18 However this model did not account for the effect of atmospheric oblateness and the diurnal bulge. The CIRA total density data used to derive the previous model is not time-variant therefore a new data set is required to build an analytical model for atmospheric density given the local solar time and inclination. Therefore, using a data set taken from the Naval Research Laboratory Mass Spectrometer and Incoherent Scatter Radar Exosphere 2000 (commonly known as NRLMSISE-00 or NRLMSISE) model, the same method of derivation was used to build a new model. 19 In the authors previous study the NRLMSISE data was rejected as it was shown by Chao et al. that NRLMSISE had large discrepancies. 20 However it is currently the most accurate data available which includes the time-variance required for the method presented herein. The method of derivation presented herein could be applied to any data set.
In order to study the influence of each effect they are studied separately. First however the previous analytical model for atmospheric density derived by the authors is re-derived using the NRLMSISE data set in place of the CIRA data. This will allow for a fair comparison of the influence of each of the effects studied. A comparison of the spherically-symmetrical analytical models will also be drawn.
A. Spherically-Symmetrical Analytical Atmospheric Density Model
As in the authors' previous work, curve fitting was used to find an equation that fit the NRLMSISE-00 data. As in the previous work three solar activity states are taken as the baseline for the model, the density index (an index used to describe the solar activity state) discussed in [ 5, 6 ] can then be used to interpolate between these three states. For the purpose of this paper these three states refer to three specific days on which the atmospheric density is studied, these days are the 1 st of January 2008, the 1 st January 2002 and the 1 st of January 2015. These dates experienced low, moderate and high solar activity states respectively with mean solar activity levels of 70, 140 and 230 respectively. None of these dates experienced significant solar or geomagnetic storm events as far as the authors are aware.
As the model is position and time dependent the latitude, longitude and local mean solar time were averaged out for each date before the curve fitting for the spherically-symmetrical model is carried out. This was done by taking the average of all the data points for time through the day and for all data points through latitude and longitude. This averaging gives the mean atmospheric density for each altitude on each of the three dates studied.
It was found that, as with the CIRA data, a power curve fit was the most descriptive of the data. Therefore it was chosen to build the model. The equation of this power curve is
where is the total atmospheric density, h is altitude and a and b are constants dependent on the solar activity state. A set of very simple curve fits using just one equation to fit all the data for each solar activity state was first derived and is shown in Figure 1 . The coefficients for Eq. (1) used to produce the curve fits displayed in Figure 1 are shown in Table 1 . It can be seen in Figure 1 that the use of one curve is not particularly efficient at describing the data over the full range of altitudes. Therefore the data was broken into small subsets of approximately 100km each, each set having its own curve fit. Figure 2 shows this multi-curve fit. It can be seen that the use of multiple curves to fit the data significantly improves the description of the data. Therefore the multi-curve fit is used moving forward. However it can be seen that the transition between curves at lower altitudes can be problematic. As such the subsets in this region are smaller than those at higher altitudes and the curves are extended to find the points of intersection, which are then used as the transition to avoid discontinuities in the model.
B. Atmospheric Oblateness
Atmospheric oblateness is caused by the Earth's oblateness, the bulge of the Earth around the equator. As a satellite passes over the equatorial bulge the effective altitude of that satellite is less than that of a satellite with the same semi-major axis passing over the North or South Pole. This differential in effective altitude means that the density experienced is greater for the satellite over the equator than the satellite over the Pole. The data used to study atmospheric oblateness is the same data used to generate the spherically-symmetrical analytical density model discussed in the previous section. However to study the oblateness the data is averaged over longitude and time to remove the effect of the diurnal variation. This leaves a 3D data set, for each solar activity state, for the atmospheric density at a given altitude and latitude. When studied it was found that the effect of oblateness is only present in the very low altitudes. Figure 3 shows the variation caused by atmospheric oblateness for low solar activity. This figure has been reproduced for moderate and high solar activity states, these figures can be seen in Appendix A. It can be seen in Figure 3 that the effect of atmospheric oblateness is only present below 120km and, as the orbit lifetime analysis method developed by the authors is intended for use for much longer lifetimes than would occur at these altitudes, this effect is deemed negligible in terms of this work. 
C. Diurnal Variation
The diurnal variation is the bulge in the atmosphere occurring when the sun is overhead. The diurnal variation occurs every day as the Earth rotates, as the sun and Earth move in relation to each other the position of the effect varies, but generally the variation occurs at approximately the same local mean solar time every day. Namely being that as the sun is overhead the atmosphere directly in line with the sun experiences heating while the atmosphere on the opposite side of the planet experiences cooling leaving the atmosphere with a pronounced bulge on one side. This effect lags slightly behind the sun, with the maximum density occurring at approximately 2-3pm local solar time.
The data used to study the diurnal variation again had to be averaged over latitude to neglect the effect atmospheric oblateness. In this case the data set is a 4D set giving the atmospheric density at a given solar activity level, altitude and local mean solar time. For each solar condition, as discussed in Section II.A, this data can be represented by a 3D surface, as shown in Figure 4 . Note, in Figure 4 when the difference from mean density is positive the density given by the model including the diurnal variation is greater than that given by the sphericallysymmetrical model. As this surface is quite complex to simplify the analysis the surface can be described by a series of curves for the difference from the mean atmospheric density through a solar day given a specific altitude as can be seen in Figure  5 . where 1−9 are variable coefficients of the curve whose value is dependent on altitude and is the local mean solar time. The relationship between each of these curves can be described by analyzing the relationship between the coefficients of the individual altitude curves. As can be seen in Figure 6 there is a clear relationship between the coefficients and altitude. Therefore each coefficient can be determined using the equation of the relationship between altitude and coefficient value. These equations were determined using curve fitting. Each coefficient from Eq. (2) 
where 1−9 are constants and ℎ is altitude. A simpler form of equation, for example a smaller order polynomial, could be used in place of Eq. (2) and (3) to reduce the number of constants required. However for the purposes of this paper it was decided to use the most accurate fit and thereby more constants. This process was carried out for each solar activity state and Figure 4 , Figure 5 and Figure 6 have been reproduced for each state and are shown in Appendix B. A full list of the constants determined and used in this paper is shown in Appendix C.
III. Application of Atmospheric Model including Diurnal variation to Orbit Lifetime Analysis
In order to demonstrate the modifications made to the analytical atmospheric model the authors' general perturbations solution is used. In general perturbations methods for orbit lifetime analysis a single density value is used to calculate the orbit lifetime. This density value is, in general, the total atmospheric density at the orbit periapsis. When considering the atmosphere model including the diurnal variation this single value may not be representative of the density over the orbit lifetime. For example if the density is taken at a local mean solar time of 12 noon, the density will be much greater than if it was taken at 12 midnight. Therefore it is recommended that when using general perturbations methods the density used should be an average taken over the first orbit. The variation of density over an orbit is dependent on the variation in local mean solar time. This variation is not constant but its rate of change can be linked to the inclination. Figure 7 demonstrates the relationship between local mean solar time and inclination. It can be seen in Figure 7 that satellites in polar orbits experience an instantaneous shift in solar time between noon and midnight. It should be noted however that Figure 7 is generated for a particular orbit, on a particular date, starting at a particular time. Therefore this noon-midnight paradigm could be 2am-2pm given a different initial date and time. The pattern visible would remain the same, however it would be shifted in the y-axis. This variation in local solar time can then be mapped to the variation in density, as can be seen in Figure 8 . Again it should be noted that in=10  in=20  in=30  in=40  in=50  in=60  in=70  in=80  in=90  in=100  in=110  in=120  in=130  in=140  in=150  in=160  in=170  in=180   0  30  60  90  120  150  180  210  240  270  300 
Using the method of averaging for one orbit revolution the difference in the mean density when using the diurnal model instead of the mean density from the spherically-symmetrical model as discussed in Section II.A can be calculated. This error is plotted for various inclinations and orbit altitudes in Figure 9 . Figure 9 shows that the peak in density error occurs for polar orbits where inclination=90°. It also shows that for the majority of altitudes the spherically-symmetrical atmosphere model is underestimating the density, while at lower altitudes the spherically-symmetrical model is seriously overestimating the density. This figure has been reproduced for each solar activity state and is shown in Appendix E. The pattern over and under-estimating the density is consistent across the solar activity levels, as can be seen in the figures in Appendix E. As with Figure 7 and Figure 8 , it should be noted that Figure 9 is only accurate for the particular date and time used to create it; however this gives an idea of the errors which are carried into the orbit lifetime analysis. It was found that the mean errors occur when the satellite is in a noon-midnight or 6am-6pm orbit. The maximum errors occur in 9am-9pm and 3am-3pm orbits. For 9am-9pm orbits the spherically-symmetrical atmosphere model seriously underestimates the density for higher altitudes, while for the 3am-3pm orbits the spherically-symmetrical atmosphere model seriously overestimates the density for higher altitudes. Figure 10 and Figure 11 show the errors for the 9am-9pm and 3am-3pm orbits respectively. The importance of the position of the orbit is particularly significant when considering a sun-synchronous satellite. The right ascension of the ascending node of a sun-synchronous satellite rotates at the same rate as the Earth meaning that it maintains its orbit position relative to the Earth, i.e. if the orbit starts as a noon-midnight orbit it will remain as such until the satellite loses a significant amount of altitude such that its right ascension begins to drift at a different rate to the Earth's surface. As the orbit lifetime calculated using the authors general perturbations model is directly proportional to the density, any error in the density is translated directly into an error in the lifetime analysis, therefore the inclusion of the diurnal variation is very important when considering sun-synchronous satellites.
Figure 9. Error in density when comparing the mean density given by the diurnally varying atmospheric model and the mean density from the spherically-symmetrical atmospheric model for a 12am-12pm orbit

IV. Case Study
In order to demonstrate the significance of including the diurnally varying density model in the orbit lifetime analysis a case study is carried out using a sun-synchronous satellite. The spacecraft and orbit parameters for this case study are contained in Table 3 . Note the right ascension of the ascending node is not given in as it was allowed to vary between 0 and 360° to show the variation this parameter makes in the orbit lifetime prediction. Figure 12 shows the predictions made given the parameters shown in Table 3 . 
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Figure 12. Comparison of lifetime predictions using various density models
It can be seen in Figure 12 that the orbit lifetime prediction can vary up to approximately 92 days under, and approximately 61 days over the mean lifetime when including the diurnal variation. This equates to approximately -10.3% and +6.8% difference. However more notable is the difference between the orbit lifetime predictions made using the CIRA based model and the NRLMSISE-00 based model; in this case the difference is approximately 247 days. This accounts for nearly a third of the orbit lifetime. 
V. Conclusions
The inclusion of a diurnally varying atmosphere model can produce up to 10.3% variations in the orbit lifetime predictions made for a sun-synchronous satellite using the authors' general perturbations analysis. Therefore when considering sun-synchronous satellites it is critical that the diurnal variation be considered. However, and perhaps more significantly it has been shown that the difference in orbit lifetime predictions made using the sphericallysymmetrical model derived from the CIRA density data as opposed to the spherically-symmetrical model derived from the NRLMSISE-00 density data accounts for a difference of approximately 247 days, which is nearly a third of the spacecraft's orbit lifetime. The CIRA based model has been shown in the authors' previous work to produce reliable orbit lifetime estimations, therefore it is concluded that the sample data set from NRLMSISE-00 used to build the diurnally varying atmospheric model is not representative and should be expanded. It is expected that when including a larger data set, the effect of the diurnal variation on the mean density will remain as it is shown in this paper; however the mean density is expected to shift to be more comparable to the mean density given by the CIRA based model. VIII. Appendix C in=0  in=10  in=20  in=30  in=40  in=50  in=60  in=70  in=80  in=90  in=100  in=110  in=120  in=130  in=140  in=150  in=160  in=170  in=180   0  30  60  90  120  150  180  210  240  270  300 in=0  in=10  in=20  in=30  in=40  in=50  in=60  in=70  in=80  in=90  in=100  in=110  in=120  in=130  in=140  in=150  in=160  in=170 h=100km  h=200km  h=300km  h=400km  h=500km  h=600km  h=700km  h=800km  h=900km  h=1000km 
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